Aerothermochemical analysis of non-oscillatory and oscillatory characteristics of liquid bipropellant rocket motors - droplet evaporation, wave equations, motor instrumentation, non-oscillatory program computation by Agosta, V. D. & Burstein, S. Z.
.I 
VlTO 0 .  AGOSTA 
AEROTHERMOCHEMICAL ANALYSIS OF NON-OSCXLIATORY AND 
OSCILTATORY CHARACTERISTICS OF LIQUID BIPROPELIANT ROCKET MOTORS: 
DROPLET EVAPORATXON WAVE EQUATIONS 3 MOTOR INSTRUMENTATION 3 
NON-OSCIIUTORY ROGRAM COMPUTATION 
V. D. A g o s t a  
S. Z. B u r s t e i n  
. 
Prepared For 
J e t  Propulsion Iaboratory 
Pasadena, C a l i f o r n i a  
R e p o r t  No. 65-2 
15 April  1965 
V i t o  D. Agosta 
C o n s u l t a n t  
._ 
\ 
https://ntrs.nasa.gov/search.jsp?R=19660004345 2020-03-16T21:30:01+00:00Z
AND OSCILLATORY CHARACTERISTICS OF LIQUID 
BIIXOPELIANT ROCKET MOTORS : DROPLET EVAPORATION, 
WAVE EQUATIONS, MOTOR INSTRUMENTATION, 
.I NON-OSCILTATORY PROGRAM COMPUTATION L 
, 
R e p o r t  No. 65-2 
15 A p r i l  1965 
GPO PRICE $ 
CFSTI PRICE(S) $ 
Prepared For 
Je t  Propulsion Laboratory 
Hard copy (HC) 
Pasadena, C a l i f o r n i a  Microfiche (MF) 1 -  5? 
Nfis 7- 10 0 ff 653 July65 
I' ' 
I ,  ' r 
VlTO D. A G O S T A  
CONTENTS 
I*  
11. 
I11 
IV. 
Droplet Vaporization: 
Wave Equations 
Motor Instrumentation 
Non-Oscillatory Program Computation 
Heat Transfer Limited Model 
Page 
1 
25 
34 
37 
\ 
\ 
. :, . . 
I. 
I .. I 
1 
\ 
DROPLET VAPORIZATION: HEAT TRANSFER 
LIMITED MODEL 
. .  . .  
. , 
.~ 
A model is presented for the de t e rkha t ion  of the vaporization rate 
of a liquid fuel droplet. The governing equation is  the heat conduction 
* equation with the appropriate boundary and initial conditions, which include 
. .  
an energy balance at  the surface pf the droplet. An approximate solution 
to this problem i s  found utilizing a heat balance integral and an assumed 
temperature distribution. Transient and steady-state solutions a r e  thereby 
obtained and applied to a particular combustion problem. 
compared to a diffusion limited analysis and is found to be in  agreement. 
The solution is 
Finally, the method i s  used to determine the additional mass release 
which is due to the passage of a longitudinal wave over the evaporation 
droplet . 
This work was done by Bernard Grossman as partial fulfillme.nt of 
the requirements f o r  the Master's Degree in 
This se'ction is included as a self-contained unit. 
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A. INTRODUCTION . 
The problem of combus t ion  and combustion instability in liquid 
propellant rocket motors has put much emphasis on the determination of 
heterogeneous, multi-phase burning 7;iechanisms. 
i s  an important phenomenon occurring during,the combustion process. 
Propellant vaporization 
Thus, 
considerable research has been devoted to  solving problems concerned with ' 
the evaporation of fuel droplets. 
1-3 
This analysis is used to predict the effec't of heat transfer on the 
vaporization rate  of a fuel droplet, 
to have a diffusion limited evaporation rate and has the versatility of treating 
time dependent heat inputs: 
The model presented is not constrained 
' 
The problem is formulated i n  two parts: the initial heat-up., and the 
evaporation analyses. The initial heat-up solution is pr'ovided only to generate 
the functional form of the assumed temperature profile to be used in the 
I 
. vaporization analysis. The evaporation solution is developed by using an 
integral technique on the basic heat conduction equation as developed by 
4 5 
Goodman .and adapted by Parisse to a spherical body. 
The vaporization solution is, themapplied to a particular rocket motor. 
and the vaporization ra te  history with chamber location is determined. Finally 
a technique is developed which considers the effect of a continuous, longitudinal 
wave on the mass  evaporation rate of a liquid fuel droplet i n  a rocket motor. . 
. .  
. .  . .  . .  
* 
. .  . .  
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B. ANALYSIS 
The transient vaporization of a spherical liquid fuel droplet is 
considered. The model of a burn% droplet consists of: (a) a spherical 
liquid fuel droplet; (b) a thin film comprised of fuel vapor and combustion i 
gases; and (c) a spherical flame shroud. A schematic diagram is shown 
in Figure (1). The liquid fuel droplet is assumed to have constant thermal 
properties, and to remain spherical throughout the entire evaporation 
process. 
flame temperature. 
it is  assumed that it mixes with the oxidizer and reacts, 
In the vapor film region the diffusing vapors a r e  heated to  the . 
When the vaporized fuel reaches the flame boundary, 
The problem of the initial heat-up of the droplet is now developed. 
Initially, the liquid droplet is a t  the injection temperature Ti- For  this 
temperature, and the fuel under consideration, the saturation pres-sure. 
is small. 
droplet i s  also small and therefore neglected. 
a heat-up condition without mass  evaporation results. 
. 
Under these conditions the amount of mass  evaporated from the 
In view of this assumption 
Thus the droplet 
can be considered a heat sink. 
describes the t ransfer  of thermal energy within the droplet: 
The heat conduction equation, given below, 
. .  
. .  
L 
, .  
i I .  
.-I . - - - - ----------- 
' 3  
I 
--'$ 
and the boundary conditions 
(3) 
where a is the thermal diffusivity, K is the thermal conductivity;a 
is the initial radius of the droplet and h i s  the film coefficient. 
A solution to  this l inear,  transient heat conduction problem is 
6 found in Carslaw and Jaeger  The solution which is given in ser ies  
. form does not converge for  short periods of time, 
th'is problem, which is more  adaptable to short periods of t h e ,  was sought. 
Hence another solution to  ; 
Carslaw and Jaegar'l outline a general method of applying Laplace transforms to 
transient heat conduction problems in order to obtain solutions which a r e  
suitable f o r  short times. 5 Parisse applies this method to  a problem in 
transient heat conduction with spherical symmetry. Utilizing this method, 
the heat conduction equation is transformed to a more convenient form by the 
substitution u = r (Tr - T). 
Applying Laplace transforms to the resulting system, the subsidiary 
equation becomes 
a 
. . .. 
7 .  
. .  . .  
__ .. . . . - __--e ' _--_IC_----- - 
4 
I 
d 3  
c\r 
O J  r=a,  
04 r=o  c) = o  (7) 
. .  
where qa =’ p/p a n d r  is the Laplace transform of u b 
The solution to  this system of quationsin ser ies  form is 
For small values of time, the 
the n = 0 term, since the inclusion of additional t e rms  in the ser ies  produces 
t e rms  of a smaller order  of magnitude. 
series in equation (8) can be truncated after 
The inverse transformation of the 
resulting equation yields the desired initial heat-up solution 
. .  
- .  
. .  
- 5  
I 
I '  
. -  As the temperature of the droplet incr_ea$es,, thermqsi .  2 . 
evaporation becomes substantial and must be explicitly in cluded in the 
' boundary conditions of the vaporization solution. 
Referring to  Figure (2); the total heat transfer ~ t ,  from the 
, surro'mding gases goes t o  heating the liquid droplet qL , vaporizing the 
surface liquid q,, and heating the ensuing gases to the flame temperature, ! *. 
Choosing a convective model  for  the energy transport from We flame t o  
droplet, equation (lo) becomes 
where h is  the heat of vaporization, w is the mas8 evaporation rate, 
A is the surface a rea  of the droplet, and r,(t) is the coordinate which 
locates the position of the outer surface at any time t. The conservation 
of mass equation in differential form is 
where 9 ~ is the density of the liquid. Employing this result equation 
2 -  
- 
6 
(11) becomes 
--) 
For  the vaporization process, the heat conduction equation applies 
. .  for  the interval 0 - -  < r < r,(t), One boundary condition at the surface of the 
droplet i e  
Althoughthe vaporization temperature T 
in the following analysis will be as the difference Tf - Tv which within the 
ap2roximations made in this analysis, remains constant, Now the t ime 
variable is defined to be zero when r 8 = a. Hence f rom a consideration of 
the continuity of heat input for  the heat-up and vaporization analysis 
will vary with time, its appearance 
i V' 
- = O  drS at t = O  
dt 
The initial condition determhed by the heat-up analysis is 
The system of equations D), (13), (14), (15)., (16) is non-linear due 
t o  the presence of r,(t), Parisse' o u t l i e d  a method of applying Goodman's 
. .  . . .) 
.. 
I - I  
; 6 at balance integral to  the ablation of a solid sphere. As a result of the 
assumptions made in this analysis, the method of solution of the problem 3 
is similar. 
Equation (1) i s  converted to a more convenient form by the 
transformat'ion u = rT ,  whereupon 
Integrating equation (16) over the volume of the liquid 
. On the basis of the functional form of the initial heat-up solution, 
the radial time dependant temperaturepzofile is assumed to  be of the form . 
where b i t )  is arbitrary. The function P(t)  'can be evaluated from equation 
8 
I 
. .  
Equation (20) becomes 
1 
This temperature profile satisfies conditions (14) and (15), and equation (16) 
approximateiy. A plot of this and the exact profile obtained from the heat- 
up solution, evaluated at a given time is shown in Figure (3). 
Substituting equation (22) into equation (19) the following second 
order, ordinary differential equation in non-dimensional form is obtained. 
where 
9’  
. .  
A steady state vaporization rate is obtained by setting = 0 ,  
. which results in 
- ? = = - ‘ . I  5s - .  
I 
10 
. c..RESULTS 
The results of this analysis is applied to the determination of the 
vaporization rate of a liquid fuel droplet moving through a rocket motor. 
The chamber i s  divided into a number of sections where the thermodynamic 
properties a r e  specified and assumed constants for the interval. 
the variation of film coefficient, flame temperature and mean droplet velocity 
Thus, once 
with chamber location a r e  known, the burning rate and droplet history can 
be determined using the preceding analysis. The steady-state solution, 
equations (26) and (27), -is used a s  an approximation, o r  the more exact 
equation (23) can be integrated numerically. The following scheme can be 
used. 
The values of q (7.) and +,(T ) can be substituted into equation (23) to 
1 i 
obtain 4' (Ti). Initially, q(0) = 1 and 4(0) = 0. 
The steady-state and transient vaporization rate  solutions are 
applied step-wise to a particular rocket motor for  the purpose of comparison. 
The steady-state 
transient evaporation rate and for  the particular fuel considered, the variation 
is within 2%. The droplet vaporization rate is shown as a function of chamber. 
location in Figure (4). F o r  the remainder of this discussion, the steady-state 
vaporization rate is found to be in agreement with the 
1 .  
* 
I '  
I 
The vaporization rate of a fuel droplet in a rocket motor determined 
in this paper i s  compared to the vaporization rate  calculated f rom the method 
given in Burstein et al. 
1 
The ballistics of 50/50 Aerozine-Nitrogen Tetroxide 
propellants a r e  determined. The thermodynamic properties calculated in 
i 
Burstein's analysis is used here and a plot of some of these is shown in 
Figures (5) and (6) . 
of the energy balance, equation (13), i s  made. 
hydrazine i s  exothermic, a heat of reaction qr must be included in the 
heat source term. 
For  the propellant combination considered, a modification 
Since the dissociation of 
Thus equation (13) becomes 
The mean value of the vaporization temperature, TV is found by integrating * 
over the energy distribution in the l iquid c 
where T -  is  a mean droplet temperature and T is given in equation (22). 
Thus equation (31) is  integrated to  yield TV. 
a 
Xow with these modifications, the two methods a r e  used t o  calculate 
the variation of .the vaporization rate and droplet radius with chamber location. 
The results of the two analyses are given in Figures (-7) and (8). The technique 
given in this paper is within 2070 of that used h Reference 1. 
. .  
\ 
. .  
. .  
* 12 
Combustion instability is a measure of the energy accumulated in a 
9 cavity and is dependent upon the interaction of waves with energy sources. 
As a wave passes over an evaporating fuel droplet, additional energy can be 
. -  
released which can couple to the wave and drive it. Fo r  the purpose of this 
. 'analysis a step 'function heat input which decays exponentially with time is 
considered to represent the energy transport  to the droplet. Hence 
* where is the additional heat input and t is the time constant of the 
exponential. 
Substituting equation (32) into equations (29) and (19) and performing 
the required mathematical manipulations yields the following second-order 
differential equation for the evaporation rate  due to a time dependent heat input 
where 
Y" / &?? P =  
. .  
' .  
13 
Equation (33) possesses similar characteristics a s  equation (23) and may be 
solved using the same numerical integration, equations (28) and (29) .  
This solution i s  now applied stop-wise to the rocket motor which has 
been previously described. 
section and hence the effect of chamber location on the additional burning rate 
is  f - ~ ~ l i c i .  
eva2oration due to  the unsteady heat input. 
The unsteady heat input is applied at each chamber 
Mass conservation, equation (12) i s  used'to yield the additional mass 
For a of 20% and time constants 
t* = 1, 0 .1 ,  and 0 .01  milliseconds, the additional mass evaporation with 
chamber section is calculated and plotted in  Figure (9). 
. .  
14 
D. CONCLUSION 3 
A heat transfer analysis for the determination of the vaporization 
.. ra te  of a liquid fuel droplet has been presented. Steady-state and transient 
vaporization rate solutions were obtained. 
was compared to that calculated using Burstein’s 
The vaporization rate given herein 
i analysis, with a diffusion 
limited model. 
vaporization rates differed by a maximum of 20%. 
Both solutions were found to be in  agreement and the 
It has also been shown that an amount of additional mass can be 
released due to the passage of a wave over an evaporation’droplet and that 
favorable positions in a rocket chamber exist which support this mass 
. release. . 
Finally, it may be concluded that a working analysis which can 
determine the propellant vaporization rates of a liquid fuel droplet with 
steady and unsteady heat inputs has been presented. 
t 
. .  
. .. 
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FIG.2 HEAT TRANSFER TO LIQUID DROP 
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I I WAVE EQUTIONS 
The conservat ion equations were der ived employing sources  and s inks  and 
. including viscous and h e a t  conduction terms. 
i n  Gcriving t h e  wave and compatibi l i ty  equat ions t o  be appl ied  t o  t h e  rocke t  
inotor. 
and h e a t  conduction terms, they  a r e  considered i n  case t h e i r  poss ib l e  importance 
These eQuat ions w i l l  be employed 
Although it i s  contemplated a t  t h i s  t ime not  t o  include t h e  viscous 
becomes a2parent  i n  t h e  fu ture .  
The develoi3ment o f  t h e  wave equation was not pursued f u r t h e r  a t  t h i s  time 
s i n c e  it is  f e l t  t h a t  o ther  work has p r i o r i t y .  This includes debugging t h e  
non-osci l la tory aerothermochemical computer program, developing t h e  d r o p l e t  
evaporat ion program, and generat ing the  func t iona l  form of t h e  wave d r iv ing  
source term. 
suggest ion of D r .  George S o t t e r  ( l e t t e r  6 Apr i l  1965).  
These "wave" equations a r e  being given a t  t h i s  time due t o  t h e  
I t r u s t  t h a t  they  w i l l  
be h e l p f u l .  
t h e  gas dynamic equations which are  used as t h e  b a s i s  f o r  t h e  work given below. 
Reference should be made t o  Report Xo. 64-3, 1 October 1964, f o r  
The mass cont inui ty  equation remains unchanged, 
where p i s  t h e  gas dens i ty  and subscr ip t  can be dropped, 
g 
t i s  t h e  time, 
u is t h e  gas ve loc i ty ,  
V is  t h e  d i f f e r e n t i a l  operator,  
-8 
and v is  t h e  mass source term and i s  obtained from 
I 
26 
where v is  t h e  l i q u i d  drople t  volume, 
i s  t h e  drople t  dens i ty ,  
v i s  tiie gas-system volume, 
w 
.e 
pa 
g 
+ 
and 
mass. 
generated from t h e  i n j e c t o r  geometry and t h e  r e su l t s  of  t h e  non-osci l la tory 
aerothermochemical program t o  give (r, 6,z) d i s t r i b u t i o n ,  and t h e  nonsteady 
d rop le t  evaporation program t o  g i v e  the t ime (t) var i a t ion .  
i s  the  l i q u i d  drople t  surface v e l o c i t y  with r e s p e c t  t o  its cen te r  of 
The source term (V 5 ) is  a function of space and time and must  be 
I n  order t o  use Newton's Law, the body and sur face  forces  a c t i n g  on t h e  
mass i n  an elemental  volume must be found and t h e s e  are 
where 
(2.41 2 gn = - Zp -I- 2p(Z*V) 'Z+  p(G x ? )  - 5  p A n ' ,  
A S Q  .if, 
g z v x u ,  + 
+ 
F' a r e  body fo rces ,  
and is  t h e  v i s c o s i t y .  
The su r face  i n t e g r a l s  a r e  changed t o  volume i n t e g r a l s  by Gauss's theorem SO 
t h a t  we  ob ta in  
b 
V l T O  D. AGO'STA 
? 
m -  * - - vp t 2(v M v) u'+ Q x (is) - - j [ PgFbody 
27 
The body forces  on the  l i q u i d  droplets  a r e  included i n  t h e  drag term. 
add i t ion ,  any d i s t o r t i o n s  and subsequent drag i n  t h e  gas f i e l d  due  t o  t h e  pres-  
ence of t h e  d rop le t s  a r e  a l s o  included i n  t h e  drag term. 
pressure  grad ien t  across  t h e  d rop le t  is neglected except t h a t  of work done by 
t h e  expanding vapors aga ins t  t h e  gas,  and t h i s  shows up i n  t h e  ei;crgy equat ion 
below. 
pressure  grad ien t  can shear t hese  droplets  - but  it i s  assumed t h a t  t h e  drop- 
I n  
The e f f e c t  of t h e  
Where t h e  drople t s  are very la rge ,  then it can be envisaged t h a t  the 
l e t s  are no t  t h a t  l a rge .  
Since t h e  volume v i s  a r b i t r a r y ,  we can drop t h e  i n t e g r a l  s i g n s  and 
g 
expand t h e  viscous terms. 
neglec ted ,  t h e n  t h e  equation (2.5) reduces t o  
If the  var iab le  v i s c o s i t y  and body fo rce  terms are 
+ (; - q ( v  5) = - vp - d u ' +  P d t  drag 
~p are "pressure" forces ,  
p(v x $1 a r e  r o t a t i o n a l  f low terms, 
cl(VA) a r e  compress ib i l i ty  terms and 
a 
VlTO D. AGOSTA 
The energy equation is more involved. It i s  decided t o  write t h e  first 
law of thermodynamics f o r  both the & o z i s t  and t h e  gas subsystems and t o  add 
these.  For t h e  gas t h e  f i rs t  law can be wr i t ten  as  
28 
n d Q g  
6v = J d t  g 
and f o r  t h e  droplet ,  
where Q is t h e  thermodynamic 0 heat  transferred,  E t h e  stagnation i n t e r n a l  
energy, and WK t h e  thermodynamic work. 
equations (2 .7 )  and (2.8) apply t o  the gas-drollet system. 
these  terms and combine them. 
The sun of  these equations, i.e., 
Let us now expand 
The internal  energy of t h e  gas is expressed as  
=j 
where t h e  source term comes 
s i o n  occurs f o r  t h e  droplet  
dEo J + = j  
from t h e  mass continuity equation. A s i m i l a r  expan- 
i n t e r n a l  energy term, 
n 
= I  (2 -10) 
VlTO D .  A G O S T A  29  
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The term 1 pd 6v .e - dt r ep resen t s  droplet  heat ing,  t h e  l a t t e r  term J(e: + x)(V*V)bv 
r ep resen t s  t h e  energy convected away by t h e  evaporated po r t ion  of t h e  d rop le t  
system. The symbol 1 is  t h e  hea t  of evaporation, and t h i s  energy is shown t o  be 
abs t r ac t ed  from t h e  i n t e r n a l  energy of t h e  d rop le t  system; however, it is noted 
t h a t  this energy can be d i r e c t l y  r e l a t ed  t o  t h e  h e a t  t r a n s f e r  by equation (2.7) 
dQ - 
and i ts  form becomes a matter  of  bookkeeping. 
a l s o  be divided i n t o  t h a t  t r ans fe r r ed :  
(2)  t o  t h e  drople t ,  Qd; (3)  t o  a p a r t  of  t h e  d rop le t  t o  evaporate it, (V*CP) l ;  
and (4) t o  t h e  vapors i n  hea t ing  them from t h e  drople t  t o  ambient temTerature, 
Qv. 
a s  a r e d i s t r i b u t i o n  of energy wi th in  the gaseous subsystem. 
occurs s ince  it i s  assumed t h a t  a process of evaporation on ly  can occur from 
The h e a t  t r a n s f e r  term 2 can 
(1) t o  t h e  rocke t  chamber walls, Qw; 
- 
It was decided t o  include p a r t  (3)  i n  t h e  i n t e r n a l  energy term, and p a r t  (4) 
The negat ive s ign  
c 
t h e  d rop le t .  
Iet us def ine‘  
(2.11) 
where a then  becomes t h e  thermodynamic h e a t  f o r  t h e  droplet-gas system, i.e., 
t h e  h e a t  t r a n s f e r  t o  t h e  rocke t  chamber wal ls  and any o the r  environment. 
combine equat ions (2 .U) ,  (2.10), (2 .9 ) ,  (2 .8) ,  and (2.73, we obta in  
If w e  
(2.12) 
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Now l e t  u s  consider t h e  work terms. 
divided i n t o  four  par t s ,  namely, (1) the work required t o  acce lera te  t h e  l i q u i d  
droplets ,  (2) t h e  work of t h e  body forces, (3 )  t h e  work of t h e  pressure forces ,  
For t h e  gaseous subsystems, the  work is  
and (4) t h e  work done on t h e  gas by the expanding vapors. Thus, 
(2 -13) 
where a f t e r  the  equal s ign t h e  f i rs t  term is t h e  work done by v i r t u e  of t h e  body 
force,  t h e  second, t h e  pressure,  the t h i r d  t h e  expanding vapors, and t h e  fourth 
t h e  drag. I n  t h e  t h i r d  fac tor  t h e  symbol yvapors appears, and it is  t h e  ve loc i ty  
of t h e  envelope of the  expanding vapors from t h e  droplet .  
known and var ies  from v, t h e  droplet  veloci ty ,  t o  u, t h e  gas velocity.  
assumed t h a t  t h e  expansion occurs a t  thermodynamic equilibrium such t h a t  t h e  
work done by these  expanding vapors on t h e  gas, a s  determined by the vapor 
thermodynamic propert ies ,  i s  equal t o  t h e  work received by t h e  gas,as determined 
by t h e  gas thermodynamic propert ies .  
Its value is not  
It is 
Thus, these  works can be equated and this  
is  done below. 
The work done by t h e  evaporating droplet  i s  t h a t  due t o  drag and t h e  
evaporating vapors. 
gas v i s c o s i t y  and subsequent gas f l u i d  f i e l d  d i s t o r t i o n  i s  assumed t o  be included 
The work done by t h e  droplets  on t h e  gas by v i r t u e  of the 
i n  t h e  drag term. Thus, 
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(2.143 
The sum of  t h e  work done by t h e  gas-droplet system is  t h e n  
where t h e  body and va r i ab le  v i s c o s i t y t e r m s  a r e  neglected.  
t h a t  t h e  pressure  grad ien t  e f f e c t s  across t h e  drople t  a r e  neglected.  
consider t h e  term 
Again it i s  noted 
Now 
F'rom con t inu i ty  
s o  t h a t  
(2.16) 
Before w e  combine a l l  terms, note t h a t  from equation (2.12) t h e  d rop le t  i n t e r n a l  
energy term can be 
s 
expanded thus ly ,  
(2.17) 
V l T O  D. AGOSTA 32 
It i s  noted t h a t  t h e  f i rs t  term is  re l a t ed  t o  t h e  s t a t i c  temperature of the 
d rop le t  and t h e  second term is equivalent t o  tile product of t h e  drag f o r c e  
and t h e  drople t  ve loc i ty .  
operat ions"  t h e  inc lus ion  of th i s .  drag work/accrues due t o  i ts  e q u a l i t y  t o  
t h e  change of k i n e t i c  energy o f  t h e  Groplets. 
given i n  equation (2.17) s ince  it of fe r s  t h e  convenience o f  r e l a t i n g  t h e  h e a t  
t r a n s f e r  t o  t h e  drople t  which OCCUTS a t  i t s  s t a t i c  temperature,  and t h e  inclu-  
s i o n  of t h e  semi-empirical coe f f i c i en t  of drag f r o m  which the drag work and 
Thus we hsve obtained from "paper and p e n c i l  
' which 
This term i s  included i n  the form 
t h u s  the  subsequent d rop le t  dynamics can be determined. 
Combining terms we have 
XOW l e t  us  combine and de f ine  terms. Let 
chamber walls and conducted t o  t h e  adjacent  gaseous elements; t h e n  
be t h e  h e a t  t r a n s f e r r e d  t o  the 
(2.19a) 
(2.19b) 
c 
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( 2 . 1 9 ~ )  
(2.19d) 
where it is  t h e  thermal  conduction coeff ic ient .  
dropping t h e  s u b s c r i p t  g f o r  gas, we have 
Thus, s ince  6~ is  a r b i t r a r y  and 
g 
0 deo + 
q + (V-KV)T = - (v*G) evapor + P d t  
E @ + ( k 7 ) p  - - 
P d t  
+ (V-@)ho + F v - 
+ 2 p ( i * V ) A  (2.20) 
An a l t e r n a t e  form of equation (2.20) and 2oss ib ly  more convenient is obtained 
by using t h e  gas dynamic opera tor  for source flow, 
- d 
d t  - = - 0 (v*u) + (v*$ 
where 0 i s  any property.  Thus we obtain 
t 0 q + (V"rtV3T = - (v*cp) evapor 
- p@(i*i)  - pV(2 x ;) + 5 p A2 + 
+ 5 p(;;*v)a 
- a + - at (pe') + (V=upho) t F&ag v - 
2 
The wave dynamic . equat ions  are then equations (2.1), (2 .6) ,  and (2.22). 
(2.21) 
(2.22) 
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III. MOTOX INSTRUMENTATION 
I should l i k e  t o  r e s t r i c t  myself a t  t h i s  time t o  instrumentat ion f o r  non- 
o s c i l l a t o r y  pressure  da ta .  This i s  described i n  d e t a i l  below. 
It i s  i n i t i a l l y  assumed t h a t  the gas  dynamics occurr ing i n  a rocket  motor 
chamber can be represented adequately by a one-dimensional approach. The 
t h e o r e t i c a l  r e s u l t s  a r e  then used t o  s e t , u p  t h e  undisturbed r eac t ing  fluid 
f i e l d  i n  which t h e  wave w i l l  pro2agate.  The wave source term, (0.9 ), is 
multidimensional and i s  generated by t h e  information obtained from t h e  spray 
d i s t r i b u t i o n  of t h e  i n j e c t o r ,  t h e  one-dimensional d rop le t  b a l l i s t i c s  obtained 
' 
€Tom t h e  r e s u l t s  of t h e  above-mentioned one-dimensional aerothermochemical 
program, and from t h e  r e s u l t s  o f  t h e  nonsteady d rop le t  evaporation ana lys i s .  
I 
Thus, from t h e  one-dimensional aerothermochemical ana lys i s ,  t h e  i n i t i a l  coef- 
f i c i e n t s  of t h e  independent v a r i a b l e s  of t h e  wave equat ion a r e  obtained. 
add i t ion ,  s ince  t h e  gases a r e  moving out of t h e  chamber through t h e  nozzle,  
t hen  a convective d i s s i p a t i o n  e x i s t s  for t h e  waves a s  they  a r e  swept out of 
I n  
~ 
i 
t h e  chamber or  broadened by t h e  longi tudina l  ve loc i ty  grad ien ts .  These terms 
appear i n  t h e  t ime dependent aerothermochemical program. 
Some of t h e  i n i t i a l  condi t ions t o  t h e  d rop le t  b a l l i s t i c s  program of t h e  
--- - aerothermochemical program a r e  t h e  spray c h a r a c t e r i s t i c s ,  namely, t h e  mean 
,-i 
d r o p l e t  s i z e ,  and t h e  s tandard normal deviation. Although t h i s  information is 
obtained p r i n c i p a l l y  from Priem's repor t  TR-67, and from some of our experimental  
r e s u l t s ,  t h e  d i f f e rence  i n  i n j e c t o r  design and operating: condi t ions preclude 
p r e d i c t i n g  t h e  spray c h a r a c t e r i s t i c s  with c e r t a i n t y .  
v e r i f i c a t i o n  of  t h e  one-dimensional aerothermochemical ana lys i s ,  a "quant i ta t ive"  
i n s l g h t  i s  obtained of t h e  spray c h a r a c t e r i s t i c s  f o r  t h a t  p a r t i c u l a r  i n j e c t o r ,  
Thus, from an experimental  
35 
P 
. I  
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aad t h e  desc r ip t ion  of  t h e  f l u i d  f i e l d  i n  which t h e  wave propagates would be 
more r ea l i s t i c .  
The instrumentat ion f o r  t h e  non-oscillatory. program is  r e l a t i v e l y  simple.  
I would suggest t h a t  f o r  t h e  f i rs t  haif of t h e  motor from t h e  i n j e c t o r  end, 
pressure  p o r t s  be placed about one inch a p a r t .  
t o  two inches downstream, t h e  pressure  p o r t s  be c l o s e r  spaced. 
worth a thousand words ! ! ! 
t h u s  only one pressure  t ransducer  is necessary ( in  our case a Kist ler  $601). 
I do not  know a t  t h i s  t ime whether a s u f f i c i e n t l y  f a s t  scan motor is  ava i l ab le .  
It would be p re fe rab le  t o  ob ta in  t h r e e  consecutive non-osci l la tory p re s su re  
r e sd ings  p r i o r  t o  i n i t i a t i n g  any o s c i l l a t i o n s .  
p re s su re  grad ien t  is obtained f o r  t h e  motor. 
t h e  non-osci l la tory t h e o r e t i c a l  program. 
and t h e o r e t i c a l )  can be evaluated. 
Kear and i n  t h e  i n j e c t o r  and up 
A p i c t u r e  i s  
A "scanivalve" arrangement can poss ib ly  be used; 
From t h i s  da ta  a l o n g i t u d i n a l  
The same can be ca l cu la t ed  from 
Thus, t h e  da t a  (both experimental  
. .  
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11’. NOX-OSCILMTOXY PilOGR&l CO>PUTATION 
The next t h r e e  sec t ions  dea l  with t h e  computer program f o r  t h e  s teady s t a t e  
aerothermodynamic ana lys i s  of  t h e  combustion chamber. 
d e t a i l s  of t h e  dxo$et and gas dynamic equat ions.  
i npu t  and output  format of  da t a  i s  given i n  some d e t a i l .  
g iv ing  reasonable  results. 
with t h e  knowledge t h a t  even a t  t h e  wri t ing of t h i s  r e p o r t  some cons tan ts  con- 
t a i n e d  i n  t h e  program w i l l  be changed i n  f u t u r e  vers ions .  
cards  w i l l  be forthcoming when t h e  program i s  t o  t h e  s a t i s f a c t i o n  o f  t h e  au thors .  
(h’ote: 
deck). 
\de f ixst present  some 
I n  the following sec t ions  t h e  
The program is opera t ing  
It i s  intended t o  g ive  you t h e  present  vers ion  a long  
F i n a l  co r rec t ion  
A copy of t h e  computer program w i l l  be given along with t h e  FORTRAii 
I n  t h i s  s ec t ion  we b r i e f l y  describe t h e  basic equat ions of t h e  d rop le t  
system and t h e  gas dynamic system. 
s e v e r a l  op t ions  i n  t h e  running of  t h e  s teady  s t a t e  code. 
wi th  a l l  sense switches up. 
p r i n t o u t  w i l l  appear on t a p e  6. 
eva2orat ion rou t ines  as  well  as the gas dynamic rou t ine .  
i n  t h e  development of  t h e  program, and a s  such t h e  meaning of t h e  p r i n t e d  da ta  
w i l l  n o t  be dwelt upon. 
i nves t iga t ed  as  t h e  Weber number c r i t e r i o n  is used t o  determine if d rop le t  
breakup occlirs. 
a l though it may be included. 
F i r s t ,  it must be s a i d  t h a t  t h e r e  are 
Sornal  opera t ion  is  
If sense switch 3 is  down, extensive debugging 
It is produced i n  both f u e l  and oxid izer  
I t s  primary use was 
. .  
If sense switch 4 is  depressed, d rop le t  breakup can be 
No time l a g  f o r  breakup has  been incorporated i n  t h i s  model, 
I 
The b a s i c  equat ions t o  be integrated i n  the f u e l  drop and oxid izer  drop 
subrou t ines  w i l l  no t  be described. They are b a s i c a l l y  t h e  energy equation, . 
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momentum equation and cont inui ty  equation: 
dT , 
d t  
- -  
A - 3q /p  c Ar 4 A p  
- - -  dv - 3 c (u-v)2 P 
PA a t  8 D 
The main job  of t hese  two rou t ines  i s  t o  in t eg ra t e  these  equations,  although most 
of t h e  nurnerical work is  devoted t o  evaluating p ro3e r t i e s  of  t h e  thermodynamic 
and t r a n s p o r t  p roper t ies .  
Nomenclature f o r  these  equations and t h e  u n i t s  a r e  
T.& ' drople t  temperature (OR) 
PA : drople t  densi ty  PQ = P a ( T 4 )  (lbm/ft3) 
BTU c : drople t  s p e c i f i c  heat (7) 
P lbm R 
A : drople t  sur face  area A = m2 (e2 1
r : drople t  r a d i u s  (ft) 
v : drople t  ve loc i ty  (ft/sec) 
u : combustion gas ve loc i ty  ( f t / s ec )  
p : combustion gas densi ty  (lbm/ft3) 
: drag c o e f f i c i e n t  CD= 27/Re 08* ; Re i s  t h e  Reynolds number 
cD 
q R  
R,= 2 o r  I u-v I p/v 
- hea t  t r a n s f e r  t o  l i qu id  drople t  (BTU/sec) 
W : evaporation r a t e  (lbm/sec) 
V : v i s c o s i t y  (lbm/ft-sec) 
. 
A- 
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3 
The computation of t h e  l a s t  two quan t i t i e s  r e q u i r e  extensive knowledge of 
t r a n s p o r t  p rope r t i e s .  For example, t o  compute W we have 
39 
where k i s  t h e  c o e f f i c i e n t  o f  mass t r a n s f e r  (lbm/sec-ft2-atm), 
g 
A is t h e  drop a rea  (ft2), . 
a i s  a co r rec t ion  f a c t o r  t o  account f o r  un id i r ec t iona l  d i f fus ion  ( r a t h e r  
than  j u s t  considering equimolar d i f fus ion ) ,  
p,p,,, is  t h e  system pressure  and vapor pressure  ( a t  TZ)(atm).  
KO i s  somewhat complicated t o  compute but  may be obtained from t h e  
0 
empir ica l  r e l a t i o n ,  
NU(kg) = 2 + 0.6Sc Re2 
Here X u  is  defined as 2k r/Dv(M/RT), 
g 
' Dv i s  t h e  d i f fus ion  coe f f i c i en t  ( f t2 / sec ) ,  
R = .729 (atm ft3/moleoR), 
T : average f i l m  temperature (OR) = (TQ+T)/2 
- 
T is  t h e  l o c a l  flame temperature f o r  t h e  f u e l  drop (OR) and f o r  t h e  
oxid izer  drop T i s  t h e  equilibrium temperature ( R)  fo r  the com- 0 
bus t ion  gas, 
Sc = I-i/Dvp i s  t h e  Schmidt number. 
Dv is given by 
5 /12 
a b  
113 
- (PcaPcb) iTcbTca) - T  
Dv - P R  
- 
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If P t h e  system pressure  is i n  atm 
K, t hen  Dv has the  
s tand  f o r  t h e  c r i t i c a l  
K)  of the drople t  and average 
0 
f i l m  temperature i n  
'ca "cb' 'Tcb 
tu re  ( i n  0 
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1 - 
and TR = T/(TcaTcb)g with T t h e  average 
u n i t s  of cn2/sec. It i s  understood tha t  * 
pressures  ( i n  atm) and c r i t i c a l  tempera- 
c r i t i c a l  p ressure  of  t h e  main cons t i t uen t s  
of t h e  combustion gas environment, respec t ive ly .  This i s  converted t o  f t2 / sec  
i n  t h e  program. 
The cons tan ts  a and b have t h e  following values:  
Sonpolar gas p a i r s  
-4 a = 2.745 x 10 
b = 1.823 
H20 and nonpolar gas 
a = 3.640 x 
b = 2.334 
I n  t h e  program it i s  t o  be observed t h a t  some e a r l y  values  were used. 
p r o p e l l a n t  combinations considered, however, H20 is  present  i n  t h e  combustion 
products .  
This  computation w i l l  now be explained; 
For most 
The con t inu i ty  eciuation may now be in t eg ra t ed  once dTA/dt i s  known. 
qA is  defined by 
t h  
f o r  group of drops i n i t i a l l y  of equal  s i z e  (p group). 
Here wc, 
Note: c includes the heats o f  formation so  t h a t  the 
Pvapor 
energy o f  d i ssoc ia t ion  is  included. 
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3 
h is  t h e  h e a t  t r a n s f e r  coe f f i c i en t  and is  obtained f r o r n t h e  Nusse l t  
c o r r e l a t i o n :  
1 
m sec-ft2-OR 
BTC k is  t h e  mean f i l m  conduct iv i ty  ( 
pr i s  t h e  B a n d t l  number (c U/'K ) = 0.67. 
P m  
Because of t h e  d i f f e r e n t  t ypes  of f ~ e l s  thiit are being used, sone subrout ines  
w i l l  be changed. 
use t o  g e t  acquainted wi th  i t s  nany as?ec ts  i f  you des i r e .  
t h a t  h may now be computed so  t h a t  qm may be evaluated.  
The p resen t  prog ian  is o2e ra t ing  and it i s  intended t h a t  you 
Continuing, we see 
q is  then  c a l c u l a t e d  
I 
and dTA/dt is obtained from t h e  energy balance.  
The momentum equat ion  i s  in tegra ted ,  us ing  t h e  drag c o e f f i c i e n t  c o r r e l a t i o n  
g iven  i n  t h e  d e f i n i t i o n  of terms of  the  b a s i c  d r o p l e t  conserva t ion  equat ions.  
The time dependent c o n t i n u i t y  equation, f o r  t h e  gas system, is  
the momentum equat ion  is 
If time d e r i v a t i v e  terms are de le ted  and t h e  above c o n t i n u i t y  equat ion  is 
m u l t i p l i e d  by u and sub t r ac t ed  from the  momentum equa t ion ,  t h e  r e s u l t  is  
. ' *  . 
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p is t h e  gas pressure (lbf/ft2) 
p i s  t h e  gas density (lbm/ft3) 
3 
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u is  t h e  gas veloci ty  ( f t /sec)  
v i s  t h e  l i q u i d  veloci ty  (Ft/sec) 
is  t h e  gas flow r a t e  (lbm/sec) 
f i s  t;ie 5 - i c t i o n  force ( Ibf / f t )  
A is  t h e  chamber area (ft") 
x i s  t h e  dis tance (ft) 
g i s  t h e  grav i ta t iona l  constant (32.17 ft-lbm/lbf-sec2) 
Using forward f i n i t e  difference a>proximations, t h e  following difference equation 
is  obtained: 
f - - ax A 
The f r i c t i o n a l  force i s  t h e  t o t a l  force which a c t s  i n  accelerat ing t h e  
drops and is  given by 
P l? 
t h  is  t h e  drop mass (lbm) of t h e  p group 
($)P i s  t h e  accelerat ion of t h a t  drop (f t /sec2)  
NP i s  t h e  nmber  of drops i n  the  pth group flowing per  sec.  
Here 
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r 
p 0 i s  t h e  i n i t i a l  drop density ( lbm/f t3]  
i s  the  i n i t i a l  drop rad ius  (3) 
> 
0 
is  the  d i s t r i b u t i o n  weight 0: the pth c lass  of drops 
i s  t h e  t o t a l  mass of injected propellant per sec. 
P 
$7 0 
This computation is carr ied out i n  t h e  droplet  subroutines, t h e  r e s u l t ,  f, being 
ava i lab le  f o r  computation i n  t h e  gas dynamic subroutine. The average value of f 
i s  computed i n  the  droplet  subroutines f o r  t h e  basic  i n t e r v a l  Ax(lbf/ft). 
The time dependent energy equation is wr i t ten  as 
! We d e l e t e  t h e  time dependent terms and use t h e  steady s t a t e  continuity expression 
F p u l  t o  obtain 
U2 
(q + ev 'L?=d dx dx [ q ( h t ~ ) ] + f v  
l e t t i n g  h=c T and wri t ing t h e  r e s u l t  i n  terms of forward f i n i t e  
P 
U2 
[cp(cpT 4- 5) lx+Ax- [p(cpT+ y) 1, = [(;hi - 
o r  
differences,  
fv] Ax 
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Here, q i s  +he negative of t h e  time r a t e  of change of  i n t e r n a l  energy of  the 
3 
BTU 
(‘va sec T ) (---). ’= - q4; 
d drops = - 
0 
V 
e i s  t h e  stagnation i n t e r n a l  energy of the  l i q u i d  drople t s  plus t h e  
l a t e n t  hea t  of vaporization, (e; + A) ; 
h is  t h e  l a t e n t  heat; 
p i s  t h e  t o t a l  mass of gas flowing a t  a s t a t i o n  i n  t h e  chamber (lbm/sec); 
T i s  t h e  gas temperature ( R ) ;  0 
u i s  t h e  gas ve loc i ty  (ft /sec);  
f is  t h e  f r i c t i o n a l  force  (lSf/fk) per u n i t  dis tance;  
v is  the  droplet  ve loc i ty  (€t/sec>; 
x u  \ c is t h e  gas s p e c i f i c  hea t  (7,; a s  thermodynamic data becomes b e t t e r  
defined, then t h e  appropriate spec i f ic  h e a t s  a r e  used. Where t h i s  is 
not possible,  then t h e  form of t h e  energy equation w i l l  be changed s o  
t h a t  t h e  form of t h e  thermodynamic data can be u t i l i z e d .  
lbm- R P 
The energy and momentum equations a r e  solved f o r  an  approximate value o f  
s p a t i a l l y  advanced temperature and pressure. These var iab les  a r e  given t h e  
temporary names w and n, and a r e  weighted with first approximations t o  the 
advanced pressure and temperature 
2- 
T( ~(x+,w)  = U ( l ) . e  t (1-0) T(l)(x+&> 
p(2)(x+M) = J l ) = e  + (1-e) p 0 1 (x+m) 
The superscr ip ts  r e f e r  t o  t h e  approximation (2 )  second, (1) first, e tc .  0 is a 
weight f a c t o r  or  sometimes ca: 
If 
we say w e  have convergence of J 
* 
led a convergence parameter 
< €  (6 - 1% > 
t h e  nth i t e r a t e  of t h e  s e t  of gas dynar;lic equations, 
c 
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> 
The gas ve loc i ty  is computed from 
45 
R is t h e  gas constant (ft-lbf/lbm-oR). 
The gas dynamic equations t h X  a r e  presented here a r e  modified versions 
of t h e  equations which have been programiied t o r  the  steady s t a t e  model. 
bxome apparent t h a t  we will need several  formulatiox. of computation s o  t h a t  
we : d i l l  have a c e r t a i n  amount o f  f l e s i j i l i t y  of computation when t h e  nonsteady 
ca lcu la t ion  is  performed. 
will be made w i l i  become avai lable  t o  you as they OCCUT. 
It has 
T t  i s  intended t h a t  t h e  f u r t h e r  improvements t h a t  
